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¢ Use table to find convolution results easily:

No. x1(%) X (8 x1(8) * x2(8) = x2(8) * x1(D)
1 x(t) 8@¢-=T) x(t—-T)
M
2 eMu(e) u(®) el
-2
3 u(t) u(t) tu(t)
el.ll - e/\zr
4 e*"u(r) e"z’u(t) W u(t) A F A
5 eMu(t) eMu(t) teMu(t)
1,
6 teMu(t) eMu(t) Et'e"'u(t)
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Convolution Integral

¢ Convolution Integral:

y(t) = X(@A) *h(t) = f X(@)h(t -7)dz

¢ System output (i.e. zero-state response) is found by convolving input x(t)
with System’s impulse response h(t).

x(¢t) =)

LTI System
Impulse Response

h(t)

y(t) = x() *h(t)

- =f£ x()h(t — 7)dr
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x(H x (8 X108 * 2200 = %08 = 21 (H
3 N "
, i Nie¥ S\ N1
Nu(r) ulr) W“(”_Z;&“(N——k)!“m
k=0
N -
™Mu(r) tNu(t) (M%NT]—)_' NN (1)
» il _ it A — Aa)re!
1eMu(r) 2ru(r) 2ttt e L)
(A1 = 22)*
IN! )
tMery(r) t¥eMu(t) ES TR fMN— o tMENFL Ay (1)
e o Y (—DEMUN + k) Mkt
e u(r) tYe* u(r) KM — )10y — 2g) Ve u(r)
k=0
N 2
—1)*NUM + k)l eV *eba!
MFE M " (= B D e u(t)

T £ TN = K1z — A
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Convolution Table (3)

No. x(t (8 x1(t) *= x2(0 = x(f) = x1(H
. cos (8 — ¢)er — e cos(Br+6—
12 e~ cos (Bt + O)u(t) e*u(t) Chnd ) ({3 ¢) u(t)
Vie+iP+ 82
¢ =tan"'[-B/(a + M)]
At P U1 S
13 eMu(r) & u(-1) M Reis > Re ki
A — A
o . et — ghat

14 My (—t A2ty (—t (—t

e"u(—t) eu(—t) Fr—y u(—t)

L2.4 p177
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Example (2)

¢ Using distributive property of convolution:
y(1) = 10e™¥u(r) « 2~ u(r) — 10e > u(r) * e ~'u(t)

= 20[e > u(r) * e *u(t)] — 10[e~¥u(t) * e~ u(r)]

¢ Use convolution table pair #4:

y(t) 20 [e™ — e Tu(r) 10 e — e Ju(r)
() = ————[e —e “u(t) = ————[e™ — e " u(t
: 3-(-2) 5 (=1) o

= =20 — e *)u(t) + 5(™> — e Hu(r)

= (=5¢~" +20e™* — 15¢ " *)u(r)
No. x(H (8 x1() * x3(f) = x3 () = 2y

) i) ME _ ghat

4 eMu(r) e"u(t) u(t) A # A

A=A L2.4 p178
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Example (1)

Find the loop current y(t) of the RLC circuits for input x(¢) = 10e *u(z) when all
the initial conditions are zero.

¢ We have seen in slide 4.5 that the system equation is:
(D> 43D +2)y(t) = Dx(1)
¢ The impulse response h(t) was obtained in 4.6: -

h(t) = (2e7® = e u(r)

o Theinputis: x(r) = 10e u(r)

¢ Therefore the response is:
y(t) =x(t) % h(2)
= 10e7u(t) * [2¢7* — e~ u(r)

L2.4 p178
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When input is complex ......

¢ What happens if input x(t) is not real, but is complex?
o If x(t) = x.(t) + jx(t), where x,(t) and x;(t) are the real and imaginary part of x(t),
then
y(#) = h() * [x, (1) + jxi(1)]
=h(t) *x,.(t) + jh(t) * x:(2)
= (1) + jyi(®)

¢ That s, we can consider the convolution on the real and imaginary components

separately.
L2.4 p179
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Intuitive explanation of convolution

¢ Assume the impulse response decays hm!
linearly from t=0 to zero at t=1.

¢ Divide input x(t) into pulses.

¢ The system response at t is then
determined by x(t) weighted by h(t- )
(i.e. x(t) h(t- t)) for the shaded pulse,

0

PLUS the contribution from all the o=
previous pulses of x(t).
¢ The summation of all these weighted X(7) h(t = 7)
inputs is the convolution integral. \
/1
V|
y(t) = x(®)*h(t) 4
— =1 ! ==
= *(D)h(t — r)dt N——
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Convolution using graphical method (2)

4
y(r):/ e e N gy
0

]
-]
= *’/ e'dt
0

- - |
—e~l — ¥
hit—1)
Moreover, v{t) = 0 for ¢ = 0, so that
' ] - )
vii) = (™ — e~ ulr)
0 =
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Convolution using graphical method (1)

Determine graphically y(t) = x(t)*h(t) for x(t) = e'tu(t) and h(t) = e2u(t).

yit) = fr x(rhir — r)dr t>=0
J0

[o P [o 1 —

Remember: variable of
integration is t, not t

L2.4-1 p183
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Interconnected Systems

¢ Parallel connected system

[ = haié) 18
airl = el
(1) - EI | It{e) = hylr) + halt)
&in S -
XO L9 s by -hO*x0 +h0)*x()
i - e halt) i
an 45 ‘3. :. -.'-'-"-_ L] v 5.: -. _. hir) = Ryl = By()

¢ Cascade systems &
¢ Commutative property X(t)

y(t) =[h () *h, (O x(1)

&(n)

L2.4-3 p192
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Interconnected Systems

+ Integration:
if x(1) = y(r)
T I
then f.’t‘l!;ld?IPf y(r)dr (1) e
—o —O ‘.
¢ Also true for differentiation: if x(t) = y(1)
dx(t) dy(t)
then 77 — w7

o Let x(r)=4()and y(t) = h(r) ( x(t) is an impulse, and h(t) is the impulse response of
the system)

¢ Then g(t), the step response is: i
glt) = [ hit)dr
S =g
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Natural vs Forced Responses
total current = (=3¢~ + 5e™%) + (=S¢~ +20e™Y — 15¢™) t>0 Yo Zero state

'a:m-'.upul current Zero-state curment L, j’
4 ~... Total
o .

¢ Note that characteristic modes also appears in
zero-state response (because it has an impact
on h(t)).

¢ We can collect the et and e terms together, and
call these the NATURAL response. ooy

+ The remaining e which is NOT a characteristic i
mode is the FORCED response. %, Tom

Zero input

total current = (—10e~" +25¢~¥) + (=15¢7¥) t=>0
s e et

i tnll) forced response ya (1
natural response ¥ (1) fi ponse ys(r) ; ~ Forced

L2.4-5 p197
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Total Response

Total response = zero-input response + zero-state response

=
total response = Y e+ x(t)#h(r)
— ’ Tero-lale COmpanent

Zefe-Impul component

¢ Let us put everything together, using our RLC circuit as an example.
¢ Letusassume x(f)=10e " u(t),y(0)=0, y(0)=-5.

¢ In earlier slides, we have shown that

total current = (—5¢™ + 5¢”*

[

)+ (=57 +20e —15¢) >0

zero-input current zero-state current L2.4-5 p197
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Additional Example

£, (0) B{"?
*
A
0 32 52t —=- =52 =32 0|t —=
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